We introduce the k-stellated (combinatorial) spheres and compare and contrast them with kstacked (triangulated) spheres. It is shown that for d ≥ 2k, any k-stellated sphere of dimension d bounds a unique and canonically defined k-stacked ball. In parallel, any k-stacked polytopal sphere of dimension d ≥ 2k bounds a unique and canonically defined k-stacked (polytopal) ball, which answers a question of McMullen. We consider the class
Summary of results
But for some exceptions in Section 3, all simplicial complexes considered here are finite and abstract. By a triangulated sphere/ball/manifold, we mean an abstract simplicial complex whose geometric carrier is a sphere/ball/manifold. We identify two complexes if they are isomorphic.
In this paper, we introduce the class Σ k (d) In parallel with these classes of triangulated spheres, we also consider the classes Σ k (d) and S k (d) of k-shelled d-balls and k-stacked d-balls, respectively. We have the filtration
of the class of all shellable d-balls, and the comparable filtration A triangulated ball is kshelled if and only if it is k-stacked and shellable. Each k-stacked (respectively k-shelled) ball is the antistar of a vertex in a k-stacked (respectively k-stellated) sphere. We prove that, when d ≥ 2k, for any k-stellated d-sphere S, there is a unique k-stacked (d + 1)-ball S whose boundary is S. The ball S has a natural and intrinsic description in terms of the combinatorics of S. We show that this result is also valid if d ≥ 2k and S is a polytopal kstacked d-sphere, thus answering a query implicit in [33] raised by McMullen in the context of equality in GLBT (generalized lower bound theorem) for polytopal spheres. For general k-stacked spheres, we can only prove that, when d ≥ 2k + 1, a k-stacked d-sphere S bounds a unique k-stacked ball S. However, there seems to be no combinatorial description of S in this generality.
The entire g-vector (equivalently, f -vector) of a k-stellated d-sphere is determined by the k numbers g 1 , . . . , g k . This is actually true, more generally, of k-stacked d-spheres. However, for a k-stellated sphere of dimension d ≥ 2k − 1, these k components of its g-vector have an interesting geometric interpretation. For 1 ≤ i ≤ k, g i is the number of bistellar moves of index i − 1 in any sequence of bistellar moves (of index ≤ k − 1) used to obtain the given d-sphere from the standard d-sphere.
Next, we introduce the class W k (d), 0 ≤ k ≤ d, of (combinatorial) d-manifolds whose vertex-links are k-stellated spheres. This class may be compared with the generalized Walkup classes K k (d) of triangulated d-manifolds all whose vertex-links are k-stacked spheres. We have the inclusions
In consequence, all the proper face-links (of dimension ≥ k − 1) of members of W k (d) are k-stellated, and all the proper face-links (of dimension ≥ k) of members of K k (d) are k-stacked. We have the filtration
of the class of all closed combinatorial d-manifolds, and the corresponding filtration If M ∈ W k (d) is 2-neighbourly, with Betti numbers β i (with respect to any field) and g-components g i , then we show that
(−1) k−i β i , when d ≥ 2k + 2, and
Since the components of the face vector are non-negative linear combinations of the gnumbers, this result may be interpreted as a lower bound theorem for 2-neighbourly members of W k (d).
We also prove a lower bound theorem for general triangulated closed manifolds. When d ≥ 4, among all triangulated closed d-manifolds with given first Betti number and given number of vertices, members of W 1 (d) (when they exist) minimize the face vector componentwise. The case d = 4 of this result is due to Walkup and Kühnel. Any member of Σ k (d) (or even of S k (d)) is at most k-neighbourly, unless it is the standard sphere. In consequence, any member of W k (d) (or K k (d)), other than the standard sphere, is at most (k+1)-neighbourly. This leads us to consider the class W * k (d) (and K * k (d)) consisting of all (k + 1)-neighbourly members of W k (d) (respectively of K k (d)). We have W * k (d) ⊆ K * k (d) for all k and d. These classes have no member other than the standard spheres unless d ≥ 2k. Generalizing a result of Perles, we prove that any upper bound polytopal sphere (for instance, cyclic sphere) of odd dimension 2k + 1 belongs to the class W * k (2k + 1). Moreover, when d ≥ 2k + 2 and k ≥ 2, any member of W * k (d) has the same integral homology as the connected sum of β copies of S k × S d−k , where the non-negative integer β is given by the formula
with m = f 0 , the number of vertices. This result may be compared with Kalai's theorem : for d ≥ 4, any member of W 1 (d) triangulates the connected sum of finitely many copies of
Recall that a connected simplicial complex X is said to be tight with respect to a field F if the inclusion map from any induced (full) subcomplex of X into X is injective at the level of F-homology. In case of a closed manifold X, this has the following geometric interpretation : X is F-tight if the standard geometric realization of X in R n−1 (n = number of vertices of X) is "as convex as possible" subject to the constraint imposed by its homology with F-coefficients. Our interest in the notion of tightness stems from the following conjecture of Kühnel and Lutz (which seems to be borne out by all the known examples) : any tight triangulated manifold has the componentwise minimum face vector among all triangulations of the same manifold! As a consequence of our lower bound theorem for general triangulated manifolds, we show that this conjecture is valid for all tight members of W 1 (d). Since any connected induced subcomplex of a tight simplicial complex is obviously tight, tightness imposes an extremely powerful constraint on the possible combinatorics of a simplicial complex. For instance, any F-tight simplicial complex is necessarily 2-neighbourly and any F-tight triangulated closed manifold is F-orientable. Thus, it is not surprising that, apart from three infinite families (including the trivial family of standard spheres), only seventeen sporadic examples of tight triangulated manifolds (of dimension > 2) are known so far.
All this makes it very important to obtain usable combinatorial criteria for tightness of triangulated manifolds. In this paper, we introduce the mu-vector of a simplicial complex (with respect to a given field) and compare it with its beta-vector (i.e., the vector of Betti numbers over the same field). It is shown that, in general, for 2-neighbourly simplicial complexes, the alternating sums of the components of the mu-vector dominate the corresponding sums for the beta-vector; the two vectors coincide precisely in the case of tight complexes. This paraphrases the "combinatorial strong Morse inequality". We succeed in explicitly computing or estimating certain functionals of the mu-vectors of 2-neighbourly members of W k (d), d ≥ 2k, entirely in terms of their g-vectors. The lower bound theorem for W k (d) stated above (as well as the determination of the homology type of members of
is a consequence of this theory. It also leads to the following combinatorial criterion for tightness : for d = 2k + 1, any member M of W * k (d) is tight. This is with respect to any field in case k ≥ 2, and with respect to a field F for which M is F-orientable in case k = 1. (The example of upper bound polytopal spheres of odd dimension shows that the case d = 2k + 1 is a genuine exception to this result. We also find a characterization of the tight members of W * k (2k + 1), thus covering this exceptional case.) The k = 1 case of this theorem is a recent result due to Effenberger. Effenberger also conjectured the tightness of all members of the supposedly larger class K * k (d). Thus this paper, which is largely motivated by Effenberger's work, partially settles his conjecture. It may also be pointed out that we do not know of a single member of
In the final section of this paper, we present various examples, counter examples, questions and conjectures related to the above results. For instance, we show that for each k ≥ 2, there are k-stacked triangulated d-spheres which are not even (d + 1)-stellated (i.e., not combinatorial spheres) and k-stacked combinatorial d-spheres which are not d-stellated. Recently, Klee and Novik found an extremely beautiful construction of a (2d
Klee and Novik obtained their triangulation M as the boundary complex of a triangulated (d + 1)-manifold M . For d ≥ 2k + 2, this is an instance of our canonical construction M → M . As an application, we show that, for d = 2k, the full automorphism group of the Klee-Novik triangulation is a group of order 4d + 8, already found by these authors. This makes it interesting to determine the full automorphism group of the Klee-Novik manifolds for d = 2k.
We show that the tightness of most of the known tight manifolds follows from our result. This provides a unified and conceptual proof of tightness of these manifolds, where the previous proofs were mostly by computer-aided case by case analysis.
In view of our (rather isolated) result on polytopal spheres, it seems natural to conjecture that for polytopal spheres of dimension d ≥ 2k, the notions "k-stellated" and "k-stacked" coincide. We also pose a general lower bound conjecture to which members of
should provide the cases of equality. This is related to a recent work of Novik and Swartz, who proved a previous conjecture of Kalai. A preliminary version of this paper was posted in the arXiv [6] and presented in the workshop 'Topological and Geometric Combinatorics', February 6 -12, 2011 at MFO, Oberwolfach, Germany.
Bistellar moves and shelling moves
A d-dimensional simplicial complex is called pure if all its maximal faces (called facets) are ddimensional. A d-dimensional pure simplicial complex is said to be a weak pseudomanifold if each of its (d − 1)-faces is in at most two facets. For a d-dimensional weak pseudomanifold X, the boundary ∂X of X is the pure subcomplex of X whose facets are those (d − 1)-dimensional faces of X which are contained in unique facets of X. The dual graph Λ(X) of a weak pseudomanifold X is the graph whose vertices are the facets of X, where two facets are adjacent in Λ(X) if they intersect in a face of codimension one. A pseudomanifold is a weak pseudomanifold with a connected dual graph. All connected triangulated manifolds are automatically pseudomanifolds.
For any two simplicial complexes X and Y , their join X * Y is the simplicial complex whose faces are the disjoint unions of the faces of X with the faces of Y . (Here we adopt the convention that the empty set is a face of every simplicial complex.)
For a finite set α, let α (respectively ∂α) denote the simplicial complex whose faces are all the subsets (respectively, all proper subsets) of α. Thus, if #(α) = n ≥ 2, α is a copy of the standard triangulation B n−1 n of the (n − 1)-dimensional ball, and ∂α is a copy of the standard triangulation S n−2 n of the (n − 2)-dimensional sphere. Thus, for any two disjoint finite sets α and β, α * ∂β and ∂α * β are two triangulations of a ball; they have identical boundaries, namely (∂α) * (∂β).
A subcomplex Y of a simplicial complex X is said to be an induced (or full ) subcomplex if every face of X contained in the vertex-set of Y is a face of Y . If X is a d-dimensional simplicial complex with an induced subcomplex α * ∂β
is clearly another triangulation of the same topological space |X|. In this case, Y is said to be obtained from X by the bistellar move α → β. If dim(β) = i (0 ≤ i ≤ d), we say that α → β is a bistellar move of index i (or an i-move, in short). Clearly, if Y is obtained from X by an i-move α → β then X is obtained from Y by the (reverse) (d − i)-move β → α. Notice that, in case i = 0, i.e., when β is a single vertex, we have ∂β = {∅} and hence α * ∂β = α. Therefore, our requirement that α * ∂β is the induced subcomplex of X on α ⊔ β means that β is a new vertex, not in X. Thus, a 0-move creates a new vertex, and correspondingly a d-move deletes an old vertex. For 0 < i < d, any i-move preserves the vertex-set; these are sometimes called the proper bistellar moves. For a thorough treatment of bistellar moves, see [7] , for instance.
A triangulation X of a manifold is called a combinatorial manifold if its geometric carrier |X| is a piecewise linear (pl) manifold with the pl structure induced from X. A combinatorial triangulation of a sphere/ball is called a combinatorial sphere/ball if it induces the standard pl structure (namely, that of the standard sphere/ball) on its geometric carrier. Equivalently (cf. [28, 36] ), a simplicial complex is a combinatorial sphere (or ball) if it is obtained from a standard sphere (respectively, a standard ball) by a finite sequence of bistellar moves. In general, a triangulated manifold is a combinatorial manifold if and only if the link of each of its vertices is a combinatorial sphere or combinatorial ball. (Recall that the link of a vertex x in a complex X, denoted by lk X (x), is the subcomplex {α ∈ X : x ∈ α, α ⊔ {x} ∈ X}.
Also, the star of x in X, denoted by st X (x), is the cone x * lk X (x). The antistar of x in X, denoted by ast X (x), is the subcomplex {α ∈ X : x ∈ α}.) This leads us to introduce :
d+2 by a finite sequence of bistellar moves, each of index < k. By convention, S d d+2 is the only 0-stellated simplicial complex of dimension d. Clearly, for 0 ≤ k ≤ l ≤ d + 1, k-stellated implies l-stellated. All k-stellated simplicial complexes are combinatorial spheres. We let Σ k (d) denote the class of all k-stellated dspheres. By Pachner's theorem ( [36] 
By definition, X ∈ Σ k (d) if and only if there is a sequence X 0 , X 1 , . . . , X n of ddimensional simplicial complexes such that X 0 = S d d+2 , X n = X and, for 0 ≤ j < n, X j+1 is obtained from X j by a single bistellar move of index ≤ k − 1. The smallest such integer n is said to be the length of X ∈ Σ k (d) and is denoted by l(X).
d+2 is the unique shortest member of Σ k (d) (of length 0), and every other member of Σ k (d) can be obtained from a shorter member by a single bistellar move of index < k. Thus, induction on the length is a natural method for proving results about the class Σ k (d).
Let X, Y be two pure simplicial complexes of dimension d. We say that X is obtained from Y by the shelling move α ; β if α and β = ∅ are disjoint faces of X such that (i) Y ⊆ X, and α ⊔ β is the only facet of X which is not a facet of Y , and (ii) the induced subcomplex of Y on the vertex set of α ⊔ β is α * ∂β. If dim(β) = i, we say that the shelling move α ; β is of index i.
We say that a d-dimensional simplicial complex X shellable if X is obtained from the standard d-ball B d d+1 by a finite sequence of shelling moves. Clearly, each shelling move increases the number of facets by one, so that -when X is shellable, the number of shelling moves needed to obtain X from B d d+1 is one less than the number of facets of X. Let X and Y be d-dimensional pseudomanifolds. If X is obtained from Y by the shelling move α ;
case the shelling move is of index < d, and X is a combinatorial d-sphere if the shelling move is of index d. (Also note that Y can't be a combinatorial sphere since a d-dimensional pseudomanifold without boundary can't be properly contained in a d-pseudomanifold with or without boundary.) From these observations, it is immediate by an induction on the number of facets that a shellable pseudomanifold of dimension d is either a combinatorial ball or a combinatorial sphere. (This result appears to be due to Danaraj and Klee [13] .) Also if X is a shellable d-pseudomanifold, then among the shelling moves used to obtain X from B d d+1 , only the last move can be of index d; this happens if and only if X is a d-sphere. These considerations lead us to introduce : Unlike the case of bistellar moves, the reverse of a shelling move is not a shelling move. Nonetheless, the two notions are closely related, as the following lemma shows. 2
As an immediate consequence of this lemma, we have :
For a simplicial complex X, say of dimension d, and a non-negative integer m ≤ d, the m-skeleton of X, denoted by skel m (X), is the subcomplex of X consisting of all its faces of dimension ≤ m. We recall : Let γ be a face of
Clearly, we have
Since γ ⊇ α, and ∂B is obtained from ∂B ′ by the bistellar move α → β, it follows that γ ∈ ∂B. If, on the other hand, γ is not a face of B ′ then β ⊆ γ ⊆ α ⊔ β and hence we have γ ∈ β * ∂α ⊆ ∂B. Thus γ ∈ ∂B in either case. So, B is k-stacked. This proves the "only if " part.
The "if part " is also proved by induction on the number of facets of B. Suppose B is a k-stacked shellable (d + 1)-ball. If B = B d+1 d+2 , then B is vacuously k-shelled. Else, B is obtained from a shellable (d + 1)-ball B ′ (with one less facet) by a single shelling move α ; β. By Lemma 2.3, ∂B is obtained from ∂B ′ by the bistellar move α → β. Hence α ∈ ∂B but α ∈ B. Since B is k-stacked, it follows that dim(α) ≥ d − k + 1, and hence dim(β) ≤ k − 1. Thus, the shelling move α ; β is of index
Since dim(γ) ≤ d − k and B is k-stacked, it follows that γ ∈ ∂B. As β ∈ B ′ and γ ∈ B ′ , we also have γ ⊇ β. Thus γ ⊇ β, γ ∈ ∂B and ∂B is obtained from ∂B ′ by the bistellar move α → β. Hence γ ∈ ∂B ′ . This shows that B ′ is k-stacked. As B ′ is k-stacked and shellable, the induction hypothesis implies that B ′ is k-shelled. Since B is obtained from B ′ by a shelling move of index ≤ k−1, it follows that B is also k-shelled. This completes the induction.
2
Our next result gives a one-sided relationship between k-stacked spheres and k-stacked balls on one hand, and between k-stellated spheres and k-shelled balls on the other hand. Proof. Let x be a new vertex (not in B), and set S := B ∪ (x * ∂B). (Notice that, since S is to be a d-pseudomanifold without boundary and B is a d-pseudomanifold with boundary, this is the only choice of S so that B is the antistar of a vertex x in S.) Clearly, S = ∂B 0 , where B 0 = x * B. Therefore, to prove the result, it is enough to show that if B is k-stacked (respectively k-shelled) then so is B 0 . But, this is trivial. 2
Next we present a characterization of k-stellated spheres of dimension ≥ 2k − 1. Proof. The "if " part is Corollary 2.4 (which holds in all dimensions). We prove the "only if " part by induction on the length l(S) of a k-stellated sphere S of dimension
β ∈ S ′ = ∂B ′ and (by Proposition 2.7) B ′ is k-stacked, it follows that β ∈ B ′ . Thus, the induced subcomplex of B ′ on α ⊔ β is also α * ∂β. So, B ′ admits the shelling move α ; β of index ≤ k − 1. Let 
Proof. The existence of a k-stacked ball B with boundary S is guaranteed by Proposition 2. 9 . We prove that B = S by induction on l(S).
d+2 is the unique k-stacked (d + 1)-ball with boundary S d d+2 ; it is indeed given by (1). So, let l(S) > 0. Then S is obtained from a shorter member S ′ of Σ k (d) by a bistellar move α → β of index ≤ k − 1. By induction hypothesis, S ′ (given by (1) with S ′ in place of S, and the vertex set V ′ of S ′ in place of V ) is the unique k-stacked ball with boundary S ′ .
Let B be a k-stacked ball with boundary S. We need to show that B = S. First we claim that α ⊔ β ∈ B. To prove this, fix a vertex a ∈ α and look at the boundary d-face α ⊔ β \ {a} of B. Let σ be the unique facet of B containing this d-face.
This is a contradiction since lk S (β) = ∂α and b ∈ α. This proves the claim :
As B is k-stacked, it follows that γ ∈ S = ∂B. Since β ∈ B ′ , we have γ ⊇ β. Therefore, γ ∈ S ′ = ∂B ′ . Thus B ′ is a k-stacked (d + 1)-ball with ∂B ′ = S ′ . Therefore, by the induction hypothesis, we have
So, to complete the proof, we need to show that
This is a contradiction since lk S (β) = ∂α. Thus, in this case, σ ⊆ α ⊔ β ∈ B. Hence σ ∈ B in either case. Thus S ⊆ B and hence B = S.
2 
Proof. Notice that a triangulated sphere S admits a bistellar move α → β of index i if and only if it has α * ∂β as an induced subcomplex. In this case, it has the standard (i − 1)-sphere ∂β as the induced subcomplex on β. So, the second statement is immediate from the first. The first statement is vacuously true unless d ≥ 2k + 1. So, to prove it, we may assume d ≥ 2k + 1. If S contains a standard e-sphere as an induced subcomplex on the vertex-set γ (so, #(γ) = e + 2), then all the proper subsets of γ are faces of S. In particular, if e ≥ k, all the subsets of γ of size ≤ k + 1 are faces of S. Hence γ ∈ S. If, also,
Then the induced subcomplex of S on the vertex set γ is the ball γ, a contradiction. 2
If S is a k-stellated d-sphere, other than the standard sphere, then S is obtained from a shorter k-stellated d-sphere by a bistellar move of index ≤ k − 1. Hence such a sphere admits the reverse move, which is a bistellar move of index ≥ d − k + 1. In consequence, such a sphere always has an induced subcomplex isomorphic to a standard sphere of some dimension ≥ d − k. In this sense, Corollary 2.12 is best possible. Indeed, it is easy to prove by induction on the length that if d ≥ 2k − 2 and S is a k-stellated d-sphere which is not
In the following proof (and also later) we use the notation V (X) for the vertex set of a simplicial complex X. Proposition 2. 13 . For a pseudomanifold X, the following are equivalent :
The result is trivial for dimension 1. So, assume that d + 1 ≥ 2. If X has only one facet then the result is trivial. So, assume that X is a 1-stacked ball with at least two facets. Since X is a ball, Λ(X) is connected. To prove that Λ(X) is a tree, it suffices to show that each edge of Λ(X) is a cut edge (i.e., deletion of any edge from Λ(X) disconnects the graph). Let e 0 = σ 1 σ 2 be an edge of Λ(X).
, S is obtained from a d-dimensional weak pseudomanifold S (without boundary) by an elementary handle addition. Since S is simply connected, the Seifert-Van Kampen theorem implies that S is disconnected and hence has exactly two components (again by Lemma 3.3 of [4] ), say S 1 and S 2 . Then S = S 1 #S 2 (connected sum) and
If the dimension d + 1 = 2 then γ is an edge and it clearly divides the 2-disc X into two parts and the triangles (facets) in one part are in U 1 and the triangles in the other part are in U 2 . Now, assume that d + 1 ≥ 3. Let uv be an edge of X.
This implies that for any facet σ in X, either all the vertices of σ are in V (S 1 ) or all the vertices of σ are in V (S 2 ). Thus, any facet in X is in U 1 or in U 2 . Thus (for any dimension
Now, let e = α 1 α 2 be an edge of Λ(X) with
Thus, e 0 is the unique edge of Λ(X) with one end in U 1 and other end in U 2 . So, e 0 is a cut edge of Λ(X). Since e 0 was an arbitrary edge of Λ(X), this proves that Λ(X) is a tree.
(iii) ⇒ (i) : Suppose Λ(X) is a tree. We prove that X is 1-shelled by induction on the number of facets of X (i.e., the number of vertices of Λ(X)). This is trivial if X has only one facet, i.e., X = B d+1 d+2 . So, assume Λ(X) is a tree with at least two vertices. Then Λ(X) has a vertex σ of degree 1 (an end vertex). Let σ ′ be the unique neighbour of σ in Λ(X), and put γ = σ ∩ σ ′ . Let X ′ = (X \ σ) ∪ γ. Then X ′ is a pseudomanifold and Λ(X ′ ) is the tree obtained from the tree Λ(X) by deleting the end vertex σ and the edge σσ ′ . Therefore, by induction hypothesis, X ′ is an 1-shelled ball. If u is the vertex of X in σ \ γ, then X is obtained from X ′ by the shelling move γ ; {u} of index 0. Therefore, X is also an 1-shelled ball.
Thus a triangulated ball is 1-stacked if and only if it is 1-shelled. So, Thus, members of W k (d) are combinatorial manifolds; the members of K k (d) are triangulated manifolds. In consequence of Corollary 2.14, we have :
In consequence of Proposition 2.9, we have :
Proof. Let S be a k-stellated d-sphere. We need to show that all the vertex-links of S are k-stellated. Again, the proof is by induction on the length l(S) of S. If l(S) = 0 then S = S d d+2 , and all its vertex links are S d−1 d+1 , so we are done. Therefore, let l(S) > 0. Then S is obtained from a shorter k-stellated d-sphere S ′ by a bistellar move α → β of index
by the bistellar move α \ {x} → β of index ≤ k − 1. If x ∈ β and β = {x} then lk S (x) is obtained from the k-stellated sphere lk S ′ (x) by the bistellar move α → β \ {x} of index ≤ k − 2. If β = {x} then lk S (x) is the standard sphere ∂α. Thus, in all cases, lk S (x) is k-stellated. This proves part (a).
Let S be a k-stacked d-sphere. Let B be a k-stacked (d + 1)-ball such that ∂B = S. If x is a vertex of S then x is a vertex of B and B ′ = lk B (x) is a d-ball with ∂B ′ = lk S (x). Therefore, it suffices to show that B ′ is also k-stacked. Indeed, if γ is a face of B ′ of codimension ≥ k + 1 then γ ∪ {x} is a face of B of codimension ≥ k + 1, and hence γ ∪ {x} ∈ ∂B = S, so that γ ∈ lk S (x) = ∂B ′ .
is the unique combinatorial
, where the right hand side is as defined in Proposition 2.11.
From the definition, we see that
. This proves the claim.
In view of Proposition 2.11, the claim implies that M is a combinatorial (d+1)-manifold with boundary, and lk ∂M (x) = ∂(lk M (x)) = ∂(lk M (x)) = lk M (x) for every vertex x. Therefore, ∂M = M , and we have :
, then for any vertex x, we have :
Therefore, the uniqueness assertion in Proposition 2.11 implies that lk N (x) = lk M (x) = lk M (x) for every vertex x and hence N = M . This completes the proof.
. The boundary map provides its inverse.
Polytopal spheres and balls : a diversion
For a subset A of an Euclidean space, we write conv(A) (respectively aff(A)) for the convex (respectively affine) hull of A. For a convex set C, the topological interior (respectively the topological boundary) of C in aff(C) is called the relative interior (respectively the boundary) of C and we denote it by C • (respectively C • ).
Recall that a (convex) polytope in the Euclidean space R n is the convex hull of a finite set of points. Equivalently, a polytope in R n is a compact subset of R n which may be obtained as the intersection of finitely many closed half-spaces of R n . As general references on polytopes, cf [20, 42] . The dimension of a polytope P is defined to be the dimension of the affine space aff(P ). A (geometric) simplex is a polytope which is the convex hull of a set of affinely independent points. A face of a polytope P in R n is either P itself or is the intersection of P with a hyperplane H of R n such that P is contained in one of the two closed half spaces determined by H. The zero-dimensional faces of a polytope are called its vertices, and the d-dimensional faces (i.e., maximal proper faces) of a (d + 1)-dimensional polytope are called its facets. Notice that any polytope is the convex hull of its vertex set. It is also the disjoint union of the relative interiors of its faces.
Recall that a geometric simplicial complex X is a collection of geometric simplices such that the intersection of any two members of X is again a member of X and any face of a member of X is again a member of X. If X is a geometric simplicial complex with vertex set V (X), then X abs := {A ⊆ V (X) : conv(A) ∈ X} is an abstract simplicial complex and is called the abstract scheme of X. We sometimes identify X with X abs .
A polytope is simplicial if all its proper faces are simplices. If P is a simplicial polytope then all the proper faces of P form a geometric simplicial complex Bd(P ). The abstract scheme of Bd(P ) is called the boundary complex of P and is denoted by ∂P . Thus, ∂P = {A ⊆ V (P ) : conv(A) is a proper face of P }. Clearly, the union of all the proper faces of P is the topological boundary P
• of P . Thus, the boundary complex ∂P of P triangulates the topological sphere P • . We identify Bd(P ) with ∂P . Definition 3.1. A triangulated sphere is said to be a polytopal sphere if it is isomorphic to the boundary complex of a simplicial polytope.
Definition 3.2.
A simplicial subdivision P ′ of a simplicial polytope P is a geometric simplicial complex such that V (P ′ ) = V (P ) and P is the union of all the simplices in P ′ . Let P be the abstract scheme of P ′ . Then P triangulates P and hence P is a triangulated ball. We identify P with P ′ and also say that P is a simplicial subdivision of P . A polytopal d-ball is a triangulated d-ball which is isomorphic to a simplicial subdivision P of some d-polytope P .
(Warning : Most authors do not include the hypothesis V (P ′ ) = V (P ) in the definition of simplicial subdivision.) . Since x belongs to conv(A)
• , it belongs to the relative interior (a, b) of the segment proper face H ∩ P of P . Since P is simplicial, it follows that conv(A) is a face of P . 2
Notice that, as a consequence of Lemma 3.3, if P ′ is a simplicial subdivision (in the sense of Definition 3.2, which is stronger than the usual definition) of a simplicial d-polytope P , then each simplex in ∂P ′ is a proper face of P and hence (since both ∂P ′ and ∂P are (d−1)-pseudomanifolds without boundary) ∂P ′ = ∂P . Thus, if B is a polytopal ball triangulating a simplicial polytope P , then ∂B is isomorphic to the boundary complex ∂P of P .
The following proposition is essentially Theorem 4.1 in [33] .
Proof. Since ∂B is polytopal, there is a (d + 1)-polytope P in R d+1 such that ∂B is the boundary complex ∂P of P . Thus, we may identify the vertices of B with those of P . For any face α ∈ B, let |α| denote the convex hull of α. Note that, for α ∈ ∂B, |α| is a proper face of P . It follows that the simplices |α|, α ∈ ∂B, have pairwise disjoint relative interiors. Indeed, Lemma 3.3 implies that, for α ∈ B and β ∈ ∂B, |α| and |β| have disjoint relative interiors, whenever α = β.
Suppose there exists an i-face α of B such that |α| is not a geometric i-simplex. Then α is a set of i+1 points in the affine space aff(α) of dimension ≤ i−1. Then, by Radon's Theorem (cf. [20, Page 124]), there exist disjoint proper subsets β, γ ⊆ α such that |β|
Therefore, γ ∈ ∂B and hence (by the comment preceding Claim 1) |β|
Claim 2 : X := {|α| : α ∈ B} is a geometric simplicial complex. We have to show that for any two faces α, β in B, |α| ∩ |β| is a common face of both |α| and |β|. Otherwise, I := {(α, β) ∈ B × B : |α| ∩ |β| is not a common face of |α| and |β|} is a non-empty set.
then there is a proper face β 1 of β such that |α| ∩ |β 1 | = |α| ∩ |β| and hence (α, β 1 ) ∈ I, contradicting the choice of (α, β). So, |α| ∩ |β|
Since |α|, |β| are simplices in R d+1 , it follows that there is a line L, through any given point x ∈ |α|
• ∩ |β| Then (α, β 1 ) ∈ I, contradicting the choice of (α, β). So, a ∈ |α|
are not both vertices of α. Assume that a is not a vertex of α. Since
contradicting the choice of (α, β). This completes the proof of Claim 2.
Claim 1 shows that B is the abstract scheme of X. Let |B| denote the union of the simplices in X. Since B is a triangulated ball, it follows that |B| is a topological (d+ 1)-ball. Clearly |B| ⊆ P . Since |B| and P are topological (d + 1)-balls with the same boundary, |B| = P . So, X is a simplicial subdivision of P and is abstractly isomorphic to B. 
Since we have the point 
Therefore, B ⊆ S, where S is defined by formula (1). If B = S then take a minimal face α ∈ S \ B. Since S ⊆ B, we have α ∈ S \ S, and hence dim(α) ≥ k + 1. Therefore, α induces a standard sphere of dimension ≥ k in B, a contradiction. Thus B = S. 
Notice that, as a particular case of Proposition 3.8, any (k + 1)-neighbourly polytopal sphere of dimension 2k + 1 is (k + 1)-stellated. Also, every polytopal d-sphere is d-stellated.
The case k = 1 of the following result is due to M. A. Perles (cf. [1, Theorem 1]).
Proposition 3.9. Let S be a (k + 1)-neighbourly polytopal sphere of dimension 2k + 1. Then S ∈ W k (2k + 1).
Proof. Let S be the boundary complex of a simplicial polytope P . Then P is a (k + 1)-neighbourly (2k + 2)-polytope. Fix a vertex v of S, and let L = lk S (v). We need to prove that L is k-stellated. This is trivial if S is a standard sphere. So, assume that P is not a simplex. It follows that Q := conv(V (P ) \ {v}) is also a (2k + 2)-dimensional polytope. Clearly, Q is also (k + 1)-neighbourly and hence, by Radon's Theorem, Q is also simplicial. Let B be the pure simplicial complex of dimension 2k + 1 whose facets are those facets of the polytope Q which are visible from the point v. By Bruggesser-Mani (cf. [42, Theorem 8.12 ]), B is a shellable ball. Clearly, 4 The g-, beta-and mu-vectors and tightness
Thus, f −1 = 1, corresponding to the empty face of X. The vector
We recall that a pure d-dimensional simplicial complex X is shellable if it may be obtained from the standard d-ball by a finite sequence of shelling moves. Thus, X is shellable if there is a shelling sequence B d d+1 = X 0 ⊂ X 1 ⊂ · · · ⊂ X n = X of (necessarily pure) simplicial complexes such that, for 0 ≤ i ≤ n − 1, X i+1 is obtained from X i by a single shelling move. Clearly, each shelling move of index j − 1 increases the number of i-faces of a d-dimensional simplicial complex by d−j+1 i−j+1 . Therefore, if, amongst a sequence of shelling moves used to obtain X from B d d+1 , exactly h j are of index j − 1 (0 ≤ j ≤ d + 1), then the face-vector of X is given by
(Here, by convention, h 0 = 1, and the term with j = 0 gives the number of i-faces in the initial standard d-ball.) Inverting this system of linear equations, we find that the numbers h j are given in terms of the face-vector of X by the formula
This formula shows that the vector h(X) = (h 0 , . . . , h d+1 ) = (h 0 (X), . . . , h d+1 (X)) depends only on the simplicial complex X, and not on the particular sequence of shelling moves used to obtain X. It is called the h-vector of X. More generally, for any simplicial complex X of dimension d, the h-vector of X is defined in terms of its f -vector by the formula (3). The g-vector g(X) = (g 0 , g 1 , . . . , g d+1 ) = (g 0 (X), g 1 (X), . . . , g d+1 (X)) of a simplicial complex X of dimension d is defined in terms of its h-vector by the formula
(where h −1 (X) ≡ 0). In view of (3), the g-vector of X is given in terms of its f -vector by:
(4) may be inverted to obtain the f -vector of X in terms of its g-vector :
Let B d d+1 = X 0 ⊂ X 1 ⊂ · · · ⊂ X n = S be a shelling sequence for a shellable d-sphere S. For 0 ≤ j ≤ n, let X j be the pure simplicial complex of dimension d whose facets are those facets of S which are not in X j−1 (with
S is another shelling sequence for S. Indeed, if X j is obtained from X j−1 by the shelling move α j ; β j then X j−1 is obtained from X j by the shelling move β j ; α j . Therefore, if the original shelling sequence for S involves h i shelling moves of index i − 1, then the reverse sequence involves h i shelling moves of index d − i. Since the h-vector of S is independent of the particular shelling sequence used, this shows that the h-vector of any shellable d-sphere
From the definition g i := h i − h i−1 , it follows that the g-vector of any shellable d-sphere satisfies
In fact, the g-vector of any triangulated d-sphere satisfies (6). Indeed, this is equivalent to the famous Dehn-Sommerville equations for triangulated spheres. Even more generally, the g-vector of any triangulated closed d-manifold with Euler characteristic χ satisfies Klee's formula (cf. [23] ) :
(In particular, any triangulated closed manifold of odd dimension d satisfies (6).) However, for k-stellated d-spheres, the g-vector has a geometric significance which is lacking in the more general situations. This geometric meaning of the g-vector stems from :
Proof. Notice that a bistellar move of index l creates d+1−l i−l new i-faces, and destroys
Hence the formula (4) for the g-vector yields
Replacing l by d − l in this formula, we get
Hence the result. 2
The following result actually holds for any triangulated (d + 1)-ball (cf. [ 
33, Corollary 2]). Note that this result implies (6).

Corollary 4.2. If B is a shellable ball of dimension
Now, if S is a k-stellated sphere of dimension d ≥ 2k − 1, then, in a sequence of bistellar moves of index < k used to obtain S from S d d+2 , the contribution to the g-vector by an l-move is never cancelled by a (d − l)-move (and there is no (d/2)-move in the sequence). Therefore, as an immediate consequence of Lemma 4.1, we have : 
Proof. This is vacuous unless d ≥ 2k. So, we may assume that d ≥ 2k. First suppose k + 1 ≤ j < d 2 + 1. Fix a sequence of bistellar moves of index < k used to obtain S from S d d+2 . Since S is k-stellated and j > k, S is also j-stellated. Since d ≥ 2j −1, Proposition 4.3 implies that this given sequence contains exactly g j moves of index j − 1. But, as j − 1 ≥ k, it contains no move of index j −1. Thus, 
Lemma 4.7. If X is a simplicial complex of dimension d, then
Proof. A simple two-way counting yields x∈V (X) f i (lk X (x)) = (i + 2)f i+1 (X). Therefore, we get :
If, further, d ≥ 2k and d is even, then the Euler characteristic χ of M is given by the formula
.
Proof. The link of any vertex x in M is a k-stellated sphere of dimension d − 1. Therefore, by Corollary 4.4, we have g j (lk M (x)) = 0 for k + 1 ≤ j ≤ d − k. Hence Lemma 4.7 yields (d + 2 − j)g j + (j + 1)g j+1 = 0, i.e.,
Hence, by finite induction on j, we get the formula
On the other hand, (7) contains the formula
Comparing these two, we get the formula for χ.
As usual, β i will denote the corresponding reduced Betti numbers. Thus β i = β i if i = 0 and β 0 = β 0 − 1.
The sigma-vector (σ 0 , σ 1 , . . . , σ d ) of X (with respect to F) is defined by
We define the mu-vector (µ 0 , . . . , µ d ) of X (with respect to F) by : With this notation, we have : 
Proof. Since X is 2-neighbourly, so is any induced subcomplex of X. Let V = V (X) be the vertex set of X. Thus, the vertex set of L x is V \ {x}. We have
But the exact homology sequence for pairs and the excision theorem yield
Therefore, from the definition of the mu-vector of X, we have
The following linear algebra lemma must be well known. But, we could not find a reference to it in the required form.
an exact sequence of linear transformations between finite dimensional vector spaces (involving an even number 2m of arrows). Then
2m+1 i=1 (−1) i dim(V i ) ≤ 0
. Equality holds here if and only if T 1 is injective and T 2m is surjective.
Proof. From the assumed exactness, we have, for
From this argument, it is immediate that the necessary and sufficient condition for equality here is that T 1 should be injective and T 2m surjective. 2
The following proposition is our version of the usual combinatorial Morse theory. In particular, the parts (a) and (b) of this proposition are the strong and weak Morse inequalities (averaged over all possible "regular simplexwise linear" functions; compare [25] ). For an alternative combinatorial version of Morse theory, consult [18] . As we shall see, the version developed here is specially suited to the study of F-tightness of F-orientable 2-neighbourly triangulated closed manifolds. (e) If, further, X is an F-orientable closed manifold, then
Proof. (a) Fix an index j and subsets A ⊆ B of V (X). We have the following exact sequence of relative homology :
If necessary, we may append an extra 0 → 0 at the extreme right, to ensure that this exact sequence has an even number of arrows. Applying Lemma 4.12 to this sequence, we get :
for all pairs A ⊆ B of subsets of V (X).
Since the extreme right arrow in the above sequence is trivially a surjection, Lemma 4.12 says that, for any given pair A ⊆ B, equality in (8) 
Here m = #(V (X)).
Equality holds in (9) if and only if H j (X[A]) → H j (X[B]) is injective for all pairs (A, B)
, equality holds in (9) for j = d. The right hand side of (9) may be written
, where the coefficients α(C) are given in terms of n := #(C) by the formula
where the first term occurs only for n > 0, and the second term occurs only for n < m. This simplifies to
Therefore, the right hand side of (9) simplifies to
We have, 
(c) By the proof of part (a), we see that the equality (i) holds if and only if H j (X[A]) → H j (X[B]) is injective for all pairs A − −• B ⊆ V (X). Now, let Y be an induced subcomplex of X, say with vertex set A. Take a sequence
Now we recall :
Definition 4.14. Let X be a d-dimensional simplicial complex and F be a field. We say that X is tight with respect to F (or, in short, F-tight) if (i) X is connected, and (ii) for all induced subcomplexes Y of X and for all 0 ≤ j ≤ d, the morphism H j (Y ; F) → H j (X; F) induced by the inclusion map Y ֒→ X is injective. Note that, for fields F 1 ⊆ F 2 , X is F 1 -tight if and only if X is F 2 -tight. Therefore, in studying F-tightness, we may, without loss of generality, restrict to prime fields F, i.e., F = Q or F = Z p , p prime. Moreover, for any simplicial complex X, the following are equivalent : (a) X is F-tight for all fields F, (b) X is Z p -tight for all primes p, and (c) X is Q-tight. In view of this observation, we shall say that X is tight if it is Q-tight.
Clearly, if X is F-tight then so is every connected induced subcomplex of X. From this trivial observation, it is easy to see that the standard sphere S d d+2 is the only tight triangulated d-sphere, and the standard ball B d d+1 is the only tight triangulated d-ball. We also have : Proposition 4.15. Let X be an F-tight simplicial complex (for some field F).
Proof. (a) Suppose not. Let l be the smallest integer such that X is not (l+1)-neighbourly. F) is always injective). This contradicts the F-tightness of X. 2
Another way of stating Proposition 4.15 (b) is that, if X is a triangulated closed manifold which is not orientable (over Z), then F = Z 2 is essentially the only choice for a field for which X has a chance of being F-tight. Note that, as a special case (k = 1) of Proposition 4.15 (a), any F-tight simplicial complex is necessarily 2-neighbourly (whatever the field F). Now we have :
Proof. This is immediate from Proposition 4.13 (d) and Proposition 4.15 (a). 2
A tightness criterion for members of W k (d)
In the following result, B e stands for an arbitrary triangulated ball of dimension e, and S e−1 stands for an arbitrary triangulated sphere of dimension e − 1. Here e ≥ 0, and S −1 = ∅.
Lemma 5.1. Let X, Y be simplicial complexes such that Y = X ∪ B e . Suppose X ∩ B e = B e−1 (with e ≥ 1) or X ∩ B e = S e−1 (with e ≥ 0). Then the reduced Betti numbers (with respect to any field F ) of X and Y are related as follows.
Proof. When e = 0, this is immediate from Mayer-Vietoris theorem for reduced (simplicial) homology. When e = 0, the hypothesis says that Y is the disjoint union of X and a point, so that the result is trivial in this case (and the first alternative holds). Now, we are in a position to prove a crucial result on the sigma-vectors of k-stellated spheres :
Then, with respect to any field, the sigma-vector of S is related to its g-vector by :
Proof. Induction on the length l(S) of S. If l(S) = 0, then S = S d d+2 . In this case,
, and m = d + 2. So, the result is trivial in this case. Now, assume l(S) > 0. Then S is obtained from a shorter k-stellated d-sphere S ′ by a single bistellar move α → β, say of index t (0 ≤ t < k).
For
Taking an appropriate weighted sum of these equalities over all sets A, we get
Here the last equality is by induction hypothesis. This proves part (a).
Fix an index l such that 0
A + be the set of all A ∈ A for which the first alternative holds. Then we get :
if A ∈ A + and l = t − 1 (−1) l−t otherwise. (10) First consider the case l ≤ t − 1 (which can occur only for l < k − 1 and t > 0). Then (10) implies
Taking the appropriate weighted sum of these inequalities over all A, we get
where the second inequality is by induction hypothesis and the final equality holds since by Lemma 4.1, we have g i (S) = g i (S ′ ) for i ≤ l + 1 ≤ t. This completes the induction step in this case. Next consider the case 0 < t ≤ l ≤ d − k − 1. In this case, (10) says :
Notice that there are exactly
Therefore, adding these equations over all j-subsets of V := V (S) we get (for 0 ≤ j ≤ m) :
Dividing this equation by m j and adding over all j, we get :
But, we have the computation
, where we have made two uses of Euler's famous identity : .
Thus we get :
Therefore, induction hypothesis gives the following inequality for 0
, where the last equality holds since by Lemma 4.1, we have
This completes the induction step in the second case. Finally, consider the case 0 = t ≤ l ≤ k − d − 1. In this case, β is a vertex of S not in S ′ . Let V ′ = V \ {β} be the vertex set of S ′ . (Thus, S ′ has m − 1 vertices in this case.) Dividing equation (11) (with t = 0) by m j and adding over all j (0 ≤ j ≤ m) we get (in view of (12)) . So, we have (when t = 0) :
Now, since S ′ has m − 1 vertices, induction hypothesis gives
This completes the induction in the last case, thus proving (b) and (c) . 2 Now, the following key result on the mu-vector of 2-neighbourly members of W k (d) is more or less immediate.
Then the mu-vector of M (with respect to any field ) is related to its g-vector as follows :
for 1 ≤ l ≤ k − 1, and
Proof. Let m be the number of vertices of M and let L x be the link of
. Taking the sum of these equations over all x ∈ V (M ), we get
This proves part (a). Also, by Proposition 5.3 (b) and (c), we have,
Adding these over all x ∈ V (M ), and dividing the result by m, we get (in view of Lemma 4.7) :
with equality for
(since g 0 = 1),
. This proves (b) and (c). 2
Now, we can prove one of the main results of this paper.
Proposition 5.5 (A lower bound theorem for
Then the g-vector of M is related to its Betti numbers (with respect to any field ) as follows : 
l+1 by Proposition 5.4 (c) . This proves part (c) 5.4 (c) ,
k+1 , completing the proof of part (c).
We also need the following elementary result.
Lemma 5.6. Let X be an (l + 1)-neighbourly simplicial complex. Then the beta-and mu-vectors of X (with respect to any field ) satisfy
Proof. The l-skeleton of X agrees with that of the standard ball of dimension f 0 (X) − 1.
Since the ball is homologically trivial and the i th homology of a simplicial complex is the same as the i th homology of its (i + 1)-skeleton, it follows that β i (X) = 0 for 1 ≤ i ≤ l − 1. Also, for any vertex x of X, the link L x of x in X is l-neighbourly. Therefore, by the same argument, we have, for 1 ≤ i ≤ l − 1, β i−1 of any induced subcomplex of L x is = 0, except that β 0 = −1 for the empty subcomplex. Therefore, taking an appropriate weighted sum, we get σ i−1 (L x ) = −δ i1 for 1 ≤ i ≤ l − 1 and x ∈ V (X). Adding over all x ∈ V (X), we get µ i (X) = 0 for 1
The following result (which is the first known combinatorial criterion for tightness) is due to Kühnel [25] .
(Note that, when k ≥ 2, M is by assumption at least 3-neighbourly, and hence simply connected. Thus, the hypothesis of orientability is automatic for k ≥ 2.)
Proof. Since M is at least 2-neighbourly, it is connected. Therefore, µ 0 = 1 = β 0 . By Lemma 5.6, µ i = 0 = β i for 1 ≤ i ≤ k − 1. So, by duality (Proposition 4.13 (e)), µ i = 0 = β i for k + 1 ≤ i ≤ 2k − 1 and µ 2k = 1 = β 2k . Thus µ i = β i for all i, except possibly for i = k. But then, the equality The "if " part of Proposition 5.8 (a) below is essentially due to Effenberger [17] . This paper was largely motivated by a desire to understand and generalize Effenberger's result. Since, trivially,
. Therefore, we get : .
(As to the inequality m ≥ 2d + 4 − k, note that by a result of Brehm and Kühnel [8] , this lower bound on the number of vertices holds, more generally, for any triangulation of a closed d-manifold which is not k-connected.)
Proof. Since M is at least 3-neighbourly, it is simply connected and hence orientable. Therefore, by Poincaré duality, the Betti numbers of M with respect to any field F satisfy Notice that M is at least 3-neighbourly, hence orientable. Thus the duality result of Proposition 4.13 (e) applies. Since M is connected, we have β 0 = 1 = µ 0 and hence
, where n = f 0 (M ). We also have β k = g k+1 / 
(Note that the requirement of F-orientability is automatically fulfilled if F = Z 2 or k ≥ 3.)
Proof. Since M is k-neighbourly and k ≥ 2, we have µ 0 = 1 = β 0 and
k , where the equality is by hypothesis and the inequalities are from Propositions 4.13 (b) and 5.4 (b) . Thus, 
Also, by Propositions 5.4 (a) and 5.5 
6 Examples, counterexamples, questions and conjectures 
Hence one finds (since all the vertex links of S d 2d+2 are isomorphic to S d−1 2d ) that the mu-vector of S d 2d+2 is given by
Surprisingly the mu-vector of S d 2d+2 satisfies the duality relation
though it is not 2-neighbourly. Also, as a curiosity, we find (α 2 ) and hence β ∈ B e e+1 ⊆ S e+4 e+17 . This is a contradiction since α * ∂β is an induced subcomplex of S Since the classes Σ k (d), S k (d) are increasing in k, we get :
• For 2 ≤ k ≤ l ≤ d ≥ 3 there are k-stacked combinatorial d-spheres which are not l-stellated.
• For 2 ≤ k ≤ l ≤ d + 1 ≥ 6 there are k-stacked triangulated d-spheres which are not l-stellated.
(e) Let S 3 10 be the pure simplicial complex of dimension three whose vertices are the digits 0, 1, . . . , 9 and whose facets are : Then S 3 10 is a triangulated 3-sphere, and S 2 10 is a triangulated 2-sphere embedded in S 3 10 . Being two-sided in S 3 10 , the "equatorial" S 2 10 divides S 3 10 into two closed "hemispheres", say B 1 and B 2 . Of course, B 1 and B 2 are triangulated 3-balls. The facets of B 1 are the first seven facets of S 3 10 , while the facets of B 2 are the remaining twentyone facets of S 3 10 . The dual graph of the 3-ball B 1 is visibly a path. So, by Proposition 2.13, B 1 is 1-stacked. Since (from the above discussion, or by direct verification) ∂B 1 = S 2 10 = ∂B 2 , it follows that S 2 10 is 1-stellated. But, it also bounds the ball B 2 which is Ziegler's example [43] of a non-shellable 3-ball ! (If α is a facet of a triangulated d-ball B, then one says α is an ear of B if B \ {α} is also a triangulated d-ball. Clearly, if B is shellable, then the last facet, added while obtaining B from B d d+1 by a sequence of shelling moves, must be an ear of B. Thus, if B has no ears, then it must be non-shellable. Such balls are "strongly non-shellable" in the terminology of Ziegler. A facet α of B is an ear of B if and only if the induced subcomplex of ∂B on the vertex set α is a (d − 1)-ball. Using this criterion, it is possible to verify that B 2 has no ears : it is strongly non-shellable.) (f ) The following example of a shellable 3-ball with a unique ear is due to Frank Lutz (personal communication . Then B 1 , B 2 are k-stacked polytopal 2k-balls with ∂B 1 = S = ∂B 2 . Thus, S is a (2k − 1)-dimensional k-neighbourly polytopal k-stacked sphere. Hence S is k-stellated by Proposition 3.8. Thus, S is an example of a (2k − 1)-dimensional k-stellated polytopal sphere which bounds two distinct (though isomorphic) k-stacked balls. So, the bound d ≥ 2k in Proposition 2.11 and Corollary 3.6 is sharp.
A comparison of Propositions 2.10 and 2.11 above leads us to the following query. 
